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Abstract Inverse problems in geophysics are usually described as data misfit minimization
problems, which are difficult to solve because of various mathematical features, such as multi-
parameters, nonlinearity and ill-posedness. Local optimization based on function gradient can
not guarantee to find out globally optimal solutions, unless a starting point is sufficiently close
to the solution. Some global optimization methods based on stochastic searching mechanisms
converge in the limit to a globally optimal solution with probability 1. However, finding the
global optimum of a complex function is still a great challenge and practically impossible
for some problems so far. This work develops a multiscale deterministic global optimization
method which divides definition space into sub-domains. Each of these sub-domains contains
the same local optimal solution. Local optimization methods and attraction field searching
algorithms are combined to determine the attraction basin near the local solution at different
function smoothness scales. With Multiscale Parameter Space Partition method, all attraction
fields are to be determined after finite steps of parameter space partition, which can prevent
redundant searching near the known local solutions. Numerical examples demonstrate the
efficiency, global searching ability and stability of this method.

Keywords Inverse problem · Multiscale parameter space partition · Multi-grid seed
growth · Deterministic global optimization

1 Introduction

Inverse problem for wave equations in complex media have been a focus of geophysics
research for the last 30 years. The aim of inverse problems is to estimate parameters of the
inner earth’s conformation and material properties based on data measured on the surface.
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Let the true model be denoted by m and the data by d . From the data d one reconstructs an
estimated model m̂. This is called the estimation problem. The estimation problem is usually
solved by fitting the model to the data. Let the i th datum di be related to the model m through
the relation di = Gi (m), where Gi (m) is a nonlinear functional that maps the datum di . The
data fitting can be achieved by minimizing the difference between di and the estimated data
Gi (m̂) as a function of the estimated model m̂. In the simplest way, one can minimize the least
squares error S(m̂) = ∑

i (di − Gi (m̂))2 as a function of the estimated model m̂. Descent
methods, such as the steepest descent method, Newton method, Gauss–Newton method, etc.,
can be used to minimize the error function by moving ‘downhill’ in one way or another.
However, the error function usually contains several minima for nonlinear inverse problems.
A descent method may become trapped in local minima and lead to local model estimation,
rather than the global optimal solution. Consequently, global searching approaches have been
developed for many types of optimization problems [1,2].

Local optimization techniques can be applied to weakly nonlinear problems or some
highly nonlinear problems with a good enough guess of the solution in advance. As the
nonlinearity of inverse problem increases, the objective function can become more com-
plex, including narrow valleys, non-smooth gradient changes and multiple minima [3,4]. As
research of the inverse problems has progressed and intensified, non-deterministic optimiza-
tion theories based on statistics and heuristic mechanisms have developed rapidly and show
great potential. Among the existing methods, there are several well-studied and widely used
approaches, including Simulated Annealing (SA), Genetic Algorithm (GA), Neural Network
(NN), Chaotic optimization, etc. Rothman [5,6] introduced the SA method [7] into geophys-
ics, which is a stochastic direct search method designed primarily for global optimization
problems. More recently, GA have made the jump from their origins in the computer science
literature [8,9] to geophysical problems [10–12]. This type of approach has found many
applications in recent years [13,14]. Compared with local optimization techniques based on
function gradient (such as steepest descent, conjugate gradients, Newton–Raphson, etc. [15]),
global optimization methods based on stochastic search (such as GA, SA etc) do not need
derivative or gradient information. Optimization problems are solved directly through global
algorithms such as stochastic searching and the consequent mapping from data set space
to model space. Global optimization (GO) methods only use evaluations of the objective
function at points in parameter space, which leads to good qualities of global convergence.
Some theoretical proofs suggest that GO algorithms may terminate with the global optimal
solution in probability 1 [16,17]. However, GO algorithms, such as SA and GA, typically
require an infinite sequence of sample points to guarantee theoretical convergence [16,18–
22]. Convergence to global optima can only be realized in asymptotic sense and is only
achieved when algorithm proceeds to infinite number of iterations. In many cases, stochas-
tic GO algorithms give a good though not necessarily optimal solution within a reasonable
computing time. The time required to ensure a significant probability of success will usually
exceed the time required for a complete search of the solution space. Actually, the failure
of the random-natured algorithms to correctly find the global optimal solution can often be
seen in the literature of geophysical inversion [3,23,24].

Since the late 1990s, with the help of thorough study on different inverse methods,
researchers began to focus on hybrid optimization methods. Cary and Chapman [25] pro-
posed to use the Monte Carlo method to locate a globally approximated point and then use
the local optimizer to find the optimal solution near the Monte Carlo solution. Gerstoft [26]
suggested incorporating the Gauss-Newton method into GA in order to improve every mem-
ber of the new generation. Fallat and Dosso [23], Liu and Hartzell [24] started with a simplex
and then used SA algorithm to determine the direction and step of searching. Generally
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speaking, there are two categories of hybrid method. In the first type of hybrid methods,
combination of nonlinear methods with linear methods has been studied for differentiable
objective functions [27,28]. When the objective functions are not differentiable, the second
type of optimization methods combine nonlinear methods with direct optimization methods
[3,24,29]. Although intensive computations are still not avoidable in hybrid methods, recent
developments [30–35] show great potential to improve optimization efficiency. The key in
hybrid optimization methods is how to propose general principles governing linear-nonlinear
combination and how to propose rules for theoretical evaluation of hybrid GO methods.

GO methods are often based on the idea of transforming the function f (x) into a new cost
function [36–39]. Another essential idea is successive partitioning of the definition domain
by direct use of interval arithmetic mathematics [40–46]. These kinds of deterministic global
optimization algorithms have developed rapidly since late 1970s. The branch and bound
method, a well studied deterministic GO method, shows great potentials in solving multi-
extremum problems, especially in discrete and combinatorial optimization [47–49]. With the
help of objective function structure characteristics, deterministic global optimizations aim
to prevent redundant optimization in many sub-spaces, which become the leading edge of
optimization method [50–65] and inverse problem [66–70].

Based on the relation between local extremum and neighboring sub-space, this study
developed a multiscale deterministic GO method, which tries to provide an efficiently global
optimization by partition of definition space at multi-scale levels. First, a local optimum is
found by the conventional local optimization algorithm. The corresponding neighborhood,
which contains less favorable models, are determined and eliminated from the whole param-
eter space by Attraction Field Searching (AFS) algorithm. Then, new starting points are
distributed in the remaining parameter space to search for new local optima and their neigh-
borhood. As the definition space was totally divided, the global optimum is expected to be
estimated from the known local optima.

The rest of this paper is organized as follows. A Multi-Grid Seed-Growth (MGSG) algo-
rithm for searching attraction basins is described in Sect. 2. Then, Sect. 3 is devoted to the
formulation of Multiscale Parameter Space Partition method (MPSP). Numerical examples
and discussions are given in Sect. 4. Final section presents a summary of our conclusions.

2 Multi-grid seed-growth algorithm for attraction field searching

2.1 Problem definition

Conventional local optimization methods have been very successful in searching convex func-
tions. However, they cannot escape from valleys of local minima since the convex assump-
tion does not hold for objective functions with a large number of local optima. Conventional
optimization methods neglect the value-increasing directions along the function surface. In
order to determine the attraction field of local minima accurately and efficiently, we propose a
Multi-Grid Seed-Growth (MGSG) searching algorithm as described in following paragraphs.

Consider the global optimization problem: given a bounded set D in a n-dimensional real
Euclidean space Rn and a continuous function f : D → R, find

min f (x), s.t. x ∈ D ⊂ Rn, (1)

Denote the set of solutions by X
∗ ⊂ D. For an arbitrary optimization solution x∗ ∈ X

∗
, z∗ =

f (x∗) denote the optimum value. Here Rn is the n-dimensional real number space. The
solution set X

∗
is supposed to be countable throughout this paper.
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Definition 1 Let x∗
i ∈ X

∗ ⊂ D(i ∈ I ) is a local optimum with a corresponding extremum
value z∗

i = f (x∗
i ). The solution set Ni ⊆ D is defined as the neighborhood of x∗

i , written

Ni = Ni (x∗
i )l, (2)

if Ni (x∗
i ) ∩

(
X

∗\x∗
i

)
= 0 and there is no solution

x ∈ Ni (x∗
i ) ⊆ D, (3)

such that

f (x) ≤ f (x∗
i ). (4)

Here X
∗\x∗

i indicates the solution set without x∗
i .

The neighborhood domain Ni = Ni (x∗
i ) ⊆ N satisfy non-overlap condition:

N = ∪
i∈I

Ni , (5)

Ni ∩ N = Ni , (6)

Ni ∩ N j = ∂(Ni ) ∩ ∂(N j ), for i, j ∈ I, i 
= j. (7)

Here N is a collection of sets {Ni : i ∈ I } and I is a finite set of indices. ∂(Ni ) denotes the
relative boundary of Ni .

Definition 2 Given a neighborhood Ni , a local optimization operator L is represented by a
solution xi from Ni and the corresponding function value zi = f (xi ). The local optimization
operator produces an optimum solution pair {x∗

i , z∗
i = f (x∗

i )} for Ni .

{x∗
i , z∗

i } := L{xi , zi }, i ∈ I (8)

In order to determine attraction field of local optimum, the whole parameter space is divided
into a grid system. For box-constrained optimization problems, the MGSG algorithm uses
interval notation [u, v] for rectangular grid system. Here u and v are n-dimensional vectors
with uk < vk for k = 1, 2, . . . , n.

[u, v] := {x ∈ Rn |uk ≤ x1
k < · · · < xgk

k < · · · < xGk
k ≤ vk, k = 1, 2}, Gk ≥ 2. (9)

Here xgi
k is the center point coordinate value of grid gk at kth dimension. The total grid num-

ber at kth dimension is Gk . Whenever a grid is split along each coordinates axis, 2nsub-grids
are created. The grids with initial size are called zero-level grids. When a grid of level sis
split, the sub-grids with smaller size are called s + 1 level grids.

If the local optimization operator satisfies,

L{xgk−1, zgk−1} 
= L{xgk , zgk } = L{xgk+1, zgk+1} = · · · = L{xgk+m, zgk+m}, m > 1

(10)

the coordinates of solution xgk−1 and xgk define the boundary between two different neighbor-
hoods of local optimum. Here xgk−1 in Eq. 10 can be called the low neighborhood boundary
of the optimum pair L{xgk , zgk }. The up boundary grid can be determined in the same way.

The irregular neighborhood boundary ∂(Ni ) is determined by simulating seed growth
from an initial zero-level grid point at X0

iopt to outside domain. The capital letter X repre-
sents a grid and lowercase letter x represents the coordinate vector. Since local optimization
methods converge to a deterministic local optimum (set), the neighborhood boundary can
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Fig. 1 The initialization step of MGSG algorithm. The curved arrow indicates the convergence of local
optimization from initial solution X0

i to local optimum X0
iopt

be located by finding the inflection points. By splitting the boundary grid into smaller grids,
detailed boundary shape can be determined and the optimization accuracy increases. A recur-
sive boundary searching is performed within boundary grids. Intensive computation is only
carried out in the split boundary grids.

An analytic approach based on gradient information is much more efficient in finding
a stationary point. From a point in the attraction basin of an optimum, local optimization
method leads to quick convergence to this optimum. Taking the local optimum as a “seed”,
grids are searched outwards in each direction. Taking each searched grid as the initial solu-
tion, if a local optimization converges to “seed”, the grid is inner part of the attraction basin.
Otherwise, this grid is considered as boundary. As a result, a local optimization algorithm is
especially useful to determine the local optimum neighborhood (attraction basin) boundary
and divide the parameter space. Each subspace contains a known local optimum (set) and
its neighborhood, which prevents taking solutions in the determined neighborhood in next
iteration. As the definition space is totally divided, the actual global optima are to be deter-
mined. This conceptually straightforward method analyzes the subdomain distributions in
feasible space instead of merely seeking global optimal solution, which shows great potential
in searching a parameter space.

2.2 Algorithm

An elaborate outline of neighborhood boundary requires a complete, exhaustive search in
small grids in whole definition space. The MGSG method only split intersection grid recur-
sively on the neighborhood boundary, which forms a local refinement. For the sake of clear
illustration, the algorithm is demonstrated step by step for 2 dimensional problems.

(1) Initialization. Given a bounded definition space, divide it into m × n grid system with
grid lengths lm, ln in two dimensions. Center points with superscript 0 denote the grids
at the initial zero-level (Fig. 1).

(2) Local optimization. Starting at a randomly distributed start grid X0
i ∈ D in unsearched

domain, compute the local optimum X0
iopt by conventional local optimization algorithm.

(3) Primary seed-growth search. Taking X0
iopt as a seed-growth point, attraction field bound-

ary points are searched in x(or x1) and y(or x2) directions.

(3.1) Search the negative direction in x axis for boundary point. Grids at left side of
X0

iopt are taken as the starting solution one by one for local optimization. If the
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Fig. 2 The boundary searching step of MGSG algorithm. The curved arrows indicate the convergence of
local optimization from a grid center to local optimum X0

iopt (the case for inner attraction field grid) or to other

optimum outside attraction field of X0
iopt (the case for boundary grid)

local optimization converges to X0
iopt , this grid is considered as an inner neigh-

borhood point of Xopt
i and named as X0

i I N (Fig. 2). This inner neighborhood
point is then pushed into a stack as a new seed for later boundary search process.
Otherwise, this grid is the left boundary of X0

iopt neighborhood and named as

X0
i L . The right boundary point X0

i R in positive x direction is found in the same
way.

(3.2) Search the negative and positive y coordinate for top and bottom boundary grids
in the way described in (3.1).

(4) Grid subdivision. The boundary grids on each dimension are split into smaller boxes
(Fig. 3). The primary seed-growth search is performed in the higher-level grids (smaller
grid size) to find the boundary grids with more reliability, such as X1

i L . Grid subdivision
will continue until a predetermined maximal level smax is reached. Flags are set not
only for local optimum grid, but also for neighborhood boundary grids and the inner
neighborhood points.

(5) Recursive seed-growth search. After the primary seed growth search and grid split pro-
cess, pop a new seed from the stack and repeat the search step 3 and 4 until there are no
seeds in the stack. Then the local minimum x∗

i and its attraction neighborhood Ni are
reduced from solution space D.

After an iteration of local optimization and neighborhood boundary search related to a cer-
tain starting point, the determined neighborhood Ni will become an irregular sub-domain in
the solution space. Eliminating Ni from the total solution space can prevent redundant local
optimization in known attraction field and cuts down the computation costs (Fig. 4).

3 Multiscale parameter space partition method

The critical step in studying the objective function landscape properties with the PSP method
is to determine attraction basins of local minima in parameter space. We have already devel-
oped an AFS algorithm by lattice sampling to determine the attraction field boundaries, and
have combined it with the multi-grid method to study more detailed subdomain boundary
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Fig. 3 The multi-grid boundary searching step of MGSG algorithm. The subscript of X1
i L and X2

i L indicate
that left boundary grid centers at level 1 and level 2. For the case of grid split at level n, each grid is divided
into 2n sub-grids along coordinate axis

Fig. 4 The 2D MGSG algorithm for local optimum neighborhood determination. 4×4 grids division scheme
is used for illustration. Seed grows from an initial zero-level grid point at X0

iopt to left, right, top and bottom.
Boundary grids in each direction are divided into sub-grids for enhanced searching of boundary grid. Grey
grids are final traction field boundary

shapes. Multiscale PSP method is developed to determine the attraction field boundaries in
parameter space subject to complex function landscapes. Then multiscale global optimization
is studied.

3.1 Multiscale representation of objective functions

The global minimum of a unimodal function, which has only one local minimum, can be
detected by a single run of local optimization. Highly multimodal functions provide more
challenges and need a GO algorithm. The number of local optima is a critical issue for GO
problems. However, the difficulty of a GO problem not only depends on the local optima
number but also on how the local optima distribute in the search space. We can reasonably
expect that strange landscapes, such as narrow attraction basin, make it a more difficult task
to find global optimal solutions.

In order to overcome the difficulties arising from complex function landscapes, the objec-
tive function can be transformed into multiscale spaces by wavelet decomposition operator
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[71–74]. The approximation of f (x) at the resolution 2 j is the orthogonal projection PVj f (x)
on to a particular vector space V j (V j ⊂ L2(R)) and thus given by

PV j f (x) =
+∞∑

n=−∞
< f, φ j,n >φ j,n(x) (11)

where <,> denotes the standard inner product in L2(R). Here R denotes the set of real
number. L2(R) denotes the vector space of measurable square-integrable one-dimensional
functions f (x). The scaling function φ (x) ∈ L2(R) satisfies φ j (x) = 2 jφ(2 j x) for j ∈ Z.
Here Z is the set of integer number. φ j,n(x)n∈Z is orthonormal basis of V j denoted by scaling
function φ(x) [74]:

φ j,n(x) =
√

2− jφ j (x − 2− j n), (n, j) ∈ Z2 (12)

The coefficient of
√

2− j in above formula normalizes the functions in the L2(R) norm. Let
f (x) ∈ L2(R). The approximation of function f (x) at resolution 2 j converge to the original
function as the resolution scale j increase to +∞. In L2(R) space, a multi-resolution approx-
imation is a sequence of closed sub-spaces (V j ) j∈Z [37,38]. The set of vector space (V j ) j∈Z
is called a multiresolution approximation of L2(R) if a series of properties are satisfied [74].

Since function f (x) is at a resolution V j ⊂ V j+1, each space V j can be decomposed into

V j+1 = V j ⊕ W j (13)

where W j is the orthogonal complement of V j in V j+1. Let us denote by PWj the orthogonal
projection onto W j ,

PW j f (x) =
+∞∑

n=−∞
〈 f, ψ j,n〉ψ j,n(x) (14)

The function details, which is the difference between two approximations at resolution 2 j and
2 j+1, is obtained by decomposition of the function in a wavelet orthogonal basis ψ j,n(x)n∈Z
[74].

ψ j,n (x) =
√

2− jψ j

(
x − 2− j n

)
, (n, j) ∈ Z2 (15)

ψ j,n(x)n∈Z is orthonormal basis of W j and is denote by wavelet function ψ(x). The Fourier
transform of wavelet function ψ (x) is given by:

ψ̂ (ω) = G
(ω

2

)
φ̂

(ω

2

)
(16)

G (ω) = e−iωH (ω + π) (17)

The existence of wavelet ψ(x), whose translation and dilation ψ j (x) = √
2 jψ(2 j x)( j ∈ Z)

is an orthonormal basis in L2(R), has been shown in [75]. In order to construct a wavelet, a
proper definition of function H(ω) is needed. A well-defined H(ω) can produce a wavelet
function ψ(x) with good localization both in the spatial and Fourier domains [74–77].

From above formula, wavelet decomposition of function f (x) at 2 j+1 resolution scale is:

PV j+1 f (x) = PV j f (x)+ PW j f (x) (18)

In numerical computations, resolution is limited by memory constraints and computation
times. Instead of working with function f (x), we consider its approximation up to a given
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resolution 2I . The function on scale i can be decomposed into the detail space W j from
j ( j < I ) downward to resolution scale 2J :

PVI f (x) = PVJ f (x)+
I−1∑

j=J

PW j f (x) (19)

Here a lower index j corresponds to a poorer (coarser) resolution.

3.2 Multiscale parameter space partition method

Let L
S
( f (x)) denote the Parameter Space Partition (PSP) process on f (x) in definition space

S. The optimized solution Xmin and its attraction filed S∗ are:

{Xmin,S∗} = L
S
( f (x)) (20)

From Eq.19 we have the Multiscale Parameter Space Partition (MPSP) optimization formula:

L
S

(
PVI f (x)

) = L
S

⎛

⎝PVJ f (x)+
I−1∑

j=J

PW j f (x)

⎞

⎠ (21)

First, the PSP optimization method is used at the J level, which is the coarsest scale. The
optimized solution and its attraction field for scale 2J are:

{Xmin
J ,S∗

J } = L
S

(
PVJ f (x)

)
(22)

Then, the objective function is optimized in the attraction field S∗
J for approximation part on

scale 2J+1. The optimized solution and its attraction field for 2J+1 are:

{Xmin
J+1,S∗

J+1} = L
S∗

J

(
PVJ+1 f (x)

)
(23)

The PSP method is used to optimize approximation projection PV f (x) at different scales
sequentially until up to the original scale. The global optimization solution is found as:

{Xmin
I ,S∗

I } = L
S∗

I−1

(
PVI f (x)

)
(24)

The MPSP optimization method has two obvious advantages:

(1) The function surface is smoother on coarse scale, which leads to less local solutions.
PSP optimization method can work very well at coarse scales.

(2) As up to the original scale, the multiscale function approximation approaches to the
original function. In addition, the optimization on more detailed scale is only performed
in a very limited space determined by the optimization on coarse scale, which saves a
lot of computation cost.

4 Numerical example of parameter space partition method

Many constrained/unconstrained benchmark functions and test function construction meth-
ods have been proposed to verify validity of GO methods [78–87]. GO algorithm performance
comparisons have been carried out to standard test functions [88,89], including Rastrigin’s
function, Weierstrass Function, Schwefel’s function [90] and Ackley’s Path function [91],
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Fig. 5 The 2-D Rastrigin’s
function surface

etc. In addition, with a priori known local minima and their regions of attraction, differen-
tiable and non-differentiable test functions can be constructed in a flexible way [84,85]. A
method for generating box-constrained nonlinear programming test functions with known
characteristics is also developed in [83].

In current study, the newly proposed deterministic global optimization method is applied
to some standard box-constrained functions first. These functions have been used to test many
classes of methods for solving optimization problems [89,92,93]. The algorithm performance
in such continuous global minimization problems is compared with other non-deterministic
GO method, such as SA. Then the MPSP method is verified in an inverse problem of 3-layer
acoustic wave propagation model.

4.1 Two dimensional Rastrigin’s function

Although a much more difficult example can be used to test the limits of the MPSP algorithm,
it is more important to illustrate algorithm accuracy and efficiency by a relatively small typ-
ical example. In the first example section, MPSP method is applied to Rastrigin’s function.
Rastrigin’s function is highly multimodal. Although the locations of the minima are regularly
distributed, this example provides clear elucidation and intuitive understanding for how the
MPSP algorithm works.

Rastriginn(x) =
n∑

i=1

[
x2

i − 10 cos(2πxi )
] + 10n, xi ∈ [−5, 5] (25)

The Rastrigin’s function for case of n = 2 is shown in Fig. 5. The number of local minima
increase exponentially with dimension number n. Local optima distribution is so dense in the
x–y plane that the chance to be trapped in local optima increases greatly for local optimiza-
tion method. It is nearly impossible to find out the global optimal solution by gradient-based
algorithms, unless the initial solution is located in the basin of the global optimum.

The 2-D Rastrigin’s function is discretized as a 255 × 255 lattice system in two-dimen-
sional domain [−5, 5]×[−5, 5]. The MPSP algorithm is carried out in reconstructed function
surfaces based on approximation coefficients at level 0, 1 and 5. Daubechies 6 wavelet is used
in multiscale analysis. Since the reconstructed surface at approximation level 0 is unimodal,
the only optimal solution and its boundary is easy to find out. The computation parameters
and results are listed in Table 1 (Fig. 6).
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Fig. 6 a The reconstructed 2-D Rastrigin’s function contour at approximation level 0. b 2-D Rastrigin’s
function PSP results at approximation level 0

Fig. 7 a The reconstructed 2-D Rastrigin’s function contour at approximation level 1. b 2-D Rastrigin’s
function PSP results at approximation level 1

In the sequential PSP optimization at approximation level 1, the definition domain shrinks
to [−2.479147, 2.520853] × [−2.484032, 2.515968] with a center at the global minimum
determined in approximation level 0. Although the parameter space is smaller, the recon-
structed function surface at level 1 has more fluctuations than level 0, which costs more
computations. The 9 local minima and their boundary points are shown in Fig. 7. Global
optimum is found near the center of definition domain. The optimization results are shown
in Table 1.

Since local minima distribution among the reconstructed surfaces at levels larger
than 1 have much less variations, parameter space partition is performed directly at
approximation level 5 (the original function level) to save computations. The partition
[−1.179147, 0.6159682] × [−1.179147, 0.6159682] within attraction field boundary of
global optimum at level 1 is taken as the new definition domain. In order to avoid the
non-integer grid number, the searching step has a little adjustment to fit the new parameter
space size. The local minima and their boundary points are shown in Fig. 8. The figures

123



J Glob Optim (2011) 49:149–172 161

Fig. 8 a The reconstructed 2-D Rastrigin’s function contour at approximation level 5. b 2-D Rastrigin’s
function PSP results at approximation level 5

Fig. 9 a The original 2-D Rastrigin’s function contour. b 2-D Rastrigin’s function PSP results

suggest that although the function is a unimodal basin within current shrunk domain at level
1, there are more local minima emerged in a more detailed definition space of level 5.

The PSP algorithm is also used to solve optimization problem at the original 2-D
Rastrigin’s function surface. Figure 9 shows the parameter space partitions and the local
minima distribution in the definition domain [−5.0, 5.0] × [−5.0, 5.0]. High density peak
distribution becomes a difficult task to improve partition efficiency. In comparison with the
proposed multiscale parameter space partition method, the continuous 2-D Rastrigin’s func-
tion is also optimized by simulated annealing (SA) method. The initial annealing temperature
was 10 and the cooling factor was 0.5. The maximal iteration number at each annealing tem-
perature was 10. The maximal inner loop bound at each temperature was 20. The maximal
function evaluation number for SA was 1e5. The floating-point precision is 1.0e-6. The SA
final temperature was 1.490116e-7. The computation parameters and results are listed in
Table 2.

The computation results and comparisons show that single level parameter space parti-
tion methods have difficulties in optimizing functions with dense local minima. However,
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MPSP method decomposes complex functions in a hierarchy of subspaces, which improve the
computation efficiency. Although there will be many oscillated peaks at more detailed lev-
els, this local minimum at coarse level provides a predetermination of the global minimum
position. Given a shrunk search space near the predetermined position, the global optimiza-
tion can be carried out more easily. Here a0 and a1 level approximations are used to estimate
the global optimum position. Then the predetermined global optimum is taken as the initial
value for the function optimization at detail resolution space (scale level 5). After the optimi-
zation at each resolution level, the definition domain shrinks around the determined global
optimum, which saves a lot of computation cost.

In this example, the function evaluation of MPSP is less than 1/11 of single-level PSP
method. Compared with other global optimization methods, such as SA, multiscale PSP algo-
rithm also shows some superiority in dealing with complex 2D objective functions with dense
local minima and fluctuations. In addition, multiscale parameter space partition method is
suitable for parallel computation and can be implemented on large scale parallel computers
easily.

4.2 MPSP optimization on standard box-constrained functions

In this section, we attempt to solve optimization problems for following box-constrained
test functions. These functions have been used widely to test different types of optimization
methods [89,92,93]. For each test function f(x), we give the formula and bound on the
variables.

1. Drop wave function (DRWV)

f (x1, x2) = −
1 + cos

(

12
√

x2
1 + x2

2

)

1
2

(
x2

1 + x2
2

) + 2

where x1 ∈ [−5.12, 5.12], x2 ∈ [−5.12, 5.12] .xopt = (0, 0), fopt = −1.
2. Schwefel’s function (SCH) [90]

f(x) =
n∑

i=1

(
−xi sin

(√|xi |
))

where xi ∈ [−500, 500]n , n = 2. Global minimum is f (x) = −n · 418.9829, xi =
420.9687.

3. Griewank’s function (GRW)

f(x) =
n∑

i=1

x2
i

4000
−

n∏

i=1

cos

(
xi√

i

)

+ 1

where xi ∈ [−100, 100]n, n = 2. Global minimum is f (x) = 0, xi = 0.
4. Ackley’s function (ACK) [91]

f(x) = −a exp

⎛

⎝−b

√
√
√
√ 1

n

n∑

i=1

x2
i

⎞

⎠ − exp

(
1

n

n∑

i=1

cos (cxi )

)

+ a + exp (1)

where x ∈ [−32, 32]n , n = 2, a = 20, b = 0.2, c = 2π . Global minimum is f (x) =
0, xi = 0.
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5. Langermann’s function (LAN)

f (x) = −
m∑

i=1

ci

⎡

⎣exp

⎛

⎝−
∑n

j=1

(
x j − ai j

)2

x
cos

⎛

⎝π

n∑

j=1

(
x j − ai j

)2

⎞

⎠

⎞

⎠

⎤

⎦

where x j ∈ [0, 10]n ,m = 5 and n = 2. ai1 = [3, 5, 2, 1, 7]. ai2 = [5, 2, 1, 4, 9]. ci =
[1, 2, 5, 2, 3].

6. Goldstein–Price’s function (GOLPRI) [95]

f (x1, x2) = [
1 + (x1 + x2 + 1)2

(
19 − 14x1 + 3x2

1 − 14x2 + 6x1x2 + 3x2
2

)]

× [
30 + (2x1 − 3x2)

2 (
18 − 32x1 + 12x2

1 + 48x2 − 36x1x2 + 27x2
2

)]

where x1 ∈ [−2, 2], x2 ∈ [−2, 2]. Global minimum is f (x1, x2) = 3, (x1, x2) =
(0,−1).

7. Shekel’s foxholes function (SHFX)

f (x) = −
m∑

i=1

⎛

⎝
n∑

j=1

[(
x j − ai j

)2 + c j

]
⎞

⎠

−1

where ci , i = 1, 2, . . . ,m and ai j , j = 1, 2, . . . , n; i = 1, 2, . . . ,m are predetermined
constants. Here m = 30. For two dimensional Shekel’s foxhole problem, the function is:

f (x1, x2) = −
m∑

j=1

[(
x1 − a j

)2 + (
x2 − b j

)2 + c j

]−1

where x1 ∈ [−5, 15], x2 ∈ [−5,15]. Here we use

a j = [9.681, 9.400, 8.025, 2.196, 8.074, 7.650, 1.256, 8.314, 0.226,

7.305, 0.652, 2.699, 8.327, 2.132, 4.707, 8.304, 8.632, 4.887, 2.440,

6.306, 0.652, 5.558, 3.352, 8.798, 1.460, 0.432, 0.679, 4.263, 9.496, 4.138]
b j = [0.667, 2.041, 9.152, 0.415, 8.777, 5.658, 3.605, 2.261, 8.858, 2.228, 7.027, 3.516,

3.897, 7.006, 5.579, 7.559, 4.409, 9.112, 6.686, 8.583, 2.343, 1.272, 7.549, 0.880,

8.057, 8.645, 2.800, 1.074, 4.830, 2.562]
c j = [0.806, 0.517, 0.100, 0.908, 0.965, 0.669, 0.524, 0.902, 0.531, 0.876, 0.462,

0.491, 0.463, 0.714, 0.352, 0.869, 0.813, 0.811, 0.828, 0.964, 0.789, 0.360,

0.369, 0.992, 0.332, 0.817, 0.632, 0.883, 0.608, 0.326]
1. Six-hump camel back function (SIXHUMP) [94]

f (x1, x2) =
(

4 − 2.1x2
1 + x4

1

3

)

x2
1 + x1x2 + (−4 + 4x2

2

)
x2

2

where x1 ∈ [−3,3], x2 ∈ [−2,2].

The definition space and global solutions for test functions are given in the function definition
sections. The test functions are optimized by both MPSP method and SA method. Table 3
provides the computation results for comparison.

Objective functions in above test function set are decomposed at 5 scale levels. Most
of the functions are optimized at scale level 1, 2 and 5. Since Goldstein–Price’s function
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(GOLPRI) and Six-hump camel back function (SIXHUMP) are pretty smooth, only level 5
(the original function level) are used in MPSP. The global optima solution (GM), function
values (FV) and function evaluation number (EN) are given in Table 3 for MPSP method
at different scale levels. The optimization results by Simulated Annealing method are also
given in Table 3 for comparison. Control parameters for SA method are as following: Initial
temperature is 10.0. Loop number for step adjustment is 20. Loop number for temperature
decrease is 20. Convergence error for terminating SA computation is 0.001. Temperature
decrease ratio is 0.6. But for Griewank’s function (GRW), temperature decrease ratio must
be set as 0.8 to obtain an accurate estimation of the global optimal solution. Table 3 shows
that the function evaluations for MPSP method are only 1/2 (or less) of that for SA. Mean-
while, the solution accuracies of the both method are at the same level. What we want to
deliver by comparing MPSP with SA is that deterministic optimization method based on
parameter space partition is more favorable in dealing with complex functions with multiple
local optima. However, more comparisons with state-of-the-art GO methods are expected in
our future work to provide more evidences.

Computation results suggest that the deterministic optimization method based on multi-
scale parameter space partition has better performance in dealing with objective functions
with complex landscape. Wriggling basin paths, steep cliffs and fluctuating valley areas can
be smoothed at coarse scale level, which make it easier to estimate the approximated global
optimal solutions. As the optimizations are carried out from coarse scale to detail scale level,
the functions at multiscale levels will approach the original function. Based on the knowl-
edge of approximated location of global optimal solution, the searching domain can be shrunk
from coarse scale levels to detail levels, which saves computation costs greatly. In the case
of smooth objective functions, the evidence of better performance of MPSP method will not
be as remarkable as for complex functions.

4.3 Inversion problem for two-dimensional acoustic wave propagation

A three-layer acoustic wave model is considered to check MPSP inversion method.
Figure 10 shows the three layer model parameters. The units for velocity and density are
m/s and kg/m3.

The model size is 500×500 m in x–z space. Explosive source is located at (250,50 m).The
maximal source frequency is 60 Hz. Receivers are located at surface with 5 meters interval.
Acoustic wave propagation is simulated with finite difference method in three-layer model.
Absorbing boundary conditions are applied to model boundaries. The size of finite difference

Fig. 10 The parameters for
three-layer acoustic wave
propagation model
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Fig. 11 a Wave field snapshot at t = 0.25 s. b Wave field snapshot at t = 0.38 s

grid is 5 × 5 m. Total simulation time is 1.2 s. The wave field snapshot at t = 0.25 and 0.38 s
show wave reflections at layer interfaces (Fig. 11).

The velocity and density of layer II are selected as inversion parameters. Objective function
is defined as the errors between observed and simulated data:

� f =

√
√
√
√

∑NT
i=1

∑NS
j=1

(
Si j

sim − Si j
obs

)2

NT NS
(26)

Here NT , NS are receiver number and sample number in each receiver channel. Si j
sim is simu-

lated signal amplitude of j th sample in i th receiver channel. Si j
obs is observed signal amplitude

of j th sample in i th receiver channel. Here the so called “observed” data are from simulation
with true model parameters.

In order to have an overall understanding of how the objective function depends on param-
eters to be optimized, Fig. 12 provides the � f function surface in velocity-density (Layer
II) domain. The velocity range is [1000, 3500] (m/s). Density range is [1000, 3500] (kg/m3).
The whole velocity-density domain is divided into rectangle meshes with 50 m/s velocity
interval and 50 kg/m3 density interval. The objective function values are calculated for all
velocity-density parameter pairs at the uniformly distributed grid nodes.

According to the analysis of objective function surface, there are multiple local minima
in density-velocity inversion problem. In addition, the global optimal solutions are located
at the bottom of a very narrow valley with steep and high cliff edges, which is like searching
a needle in straws.

MPSP method is used to search the global optimal velocity-density values for layer II. The
velocity searching domain for MPSP is [1000, 5000] (m/s). The density searching domain
is [500, 3500] (kg/m3). Uniform design algorithm is used in selecting initial solutions in
the rectangular domain at different scale. The optimization will stop when objective func-
tion converges to a pre-determined value or the function evaluation reaches a predetermined
maximal number.

In this example, the pre-determined converge condition is |� fi − � fi−1| < 1.0. MPSP
method takes totally 522 function evaluations at 8 scale levels, which means 522 wave prop-
agation simulations. The solution distribution is shown in Fig. 13a. It can be easily found that
sampling domain at different scale levels are approaching to the global solutions. The final
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Fig. 12 Objective function with respect to velocity-density (layer II) parameter pairs a function surface,
b function contour

Fig. 13 a Solution distribution of MPSP method with uniform design sampling at each scale(522 sampling
point at 8 scale levels), b solution distribution of SA method(1,500 sampling point)

solution after 522 function evaluation is v = 2000.314530 (m/s), ρ = 1495.671055 (kg/m3).
The corresponding objective function value is � f = 0.796985.

Simulated Annealing (SA) method is used for comparison. In order to reach the same pre-
determined converge condition, SA need at least 1,500 sampling point in parameter domain,
which means 1,500 wave propagation simulations. Figure 13b shows the sampling point
distribution in velocity-density domain. The final optimized solution is v = 2, 000 (m/s),
ρ = 1, 510 (kg/m3). The corresponding objective function value is � f = 0.907128. Con-
trol parameters for SA method are as following: Initial temperature is 6.0. Temperature
decrease ratio is 0.8. Loop number for step adjustment is 20. Loop number for temperature
decrease is 20. The initial solution are v = 3, 000.0 m/s and ρ = 2, 000.0 kg/m3.

From the solution distributions for MPSP and SA, some interesting conclusions can be
achieved. First, sampling points of SA method show great stochastic features. SA can quickly
find out the solutions near the global optimal solution and intensively search better solutions
in nearby domain. In other domains, there are not any searching trials. SA has capability to
escape from local solutions at the early stage. However, as SA finds better solutions, searching
step becomes smaller and smaller, which constrain the optimization at a small domain with
concentrated sampling points. Second, MPSP persist selecting solutions uniformly at each
scale level. From coarsest to finest scale, MPSP shrinks searching domains and approaches to
the global solutions. Although the searching step becomes smaller and smaller, the sampling
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point will not increase and so as the computation costs. Compared with SA, the computing
costs of MPSP is only 1/3 (522/1,500) with same pre-determined converge condition.

5 Conclusions

This paper developed a multiscale parameter space partition method, which divides the
definition space into subdomains containing the same local optimal solutions. All the
local optimization solutions (sets) are to be determined after finite times of parameter space
partition steps. The new method has a stable convergence speed and the optimization solution
is independent on the selection of initial solutions. This study provides a new method for
nonlinear inverse problems.
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